We answer a question of K. Borsuk (1972) showing that there exists a connected polyhedron of dimension 4 with two different decompositions into a direct product of prime factors (in the homotopy or shape category). © 2008 Elsevier B.V. All rights reserved.
In this note we will show that the answer to this question is positive. In the sequel we will use the notion and properties of the so-called Poincaré duality groups. Let us begin with the following definitions (compare [4, 15] ): Definition 1. Let G be a group. By a resolution of a ZG-module M we mean an exact sequence of ZG-modules · · · → F 2 → F 1 → F 0 → M (which exists for every M). By a finite resolution we mean a resolution of finite length n, i.e., such that F i = 0, for all i > n, with all the modules F i finitely generated. A resolution is projective if and only if all the modules F i are projective.
Definition 2.
We say that G ∈ FP if and only if Z has a finite projective resolution over ZG. Definition 3. By a cohomological dimension of a group G we mean cd G = inf{n such that Z has a projective resolution of the length n} = sup{n such that H n (G, M) = 0, for some ZG-module M}. [11, p. 20] , [4] .) A group G ∈ FP is an n-dimensional Poincaré duality group (a PD(n)-group), if and only if H i (G; ZG) = 0, for i = n = cd G, and H n (G; ZG) = Z.
Definition 4. (See
Examples include fundamental groups of all closed aspherical manifolds (see [15, 11] ), and the notion of Poincaré duality groups of dimension n is an algebraic analog of the notion of aspherical n-manifolds. When n = 1 or n = 2 this analogy is exact: the only such groups are the fundamental groups of the circle S 1 and the aspherical closed surfaces (respectively).
Definition 5.
A group G is said to satisfy the Max-condition (the Max-n-condition) if and only if, for every ascending chain
, there is an integer n such that G i = G n , for all i n.
We will prove the following:
Theorem. There exists a connected polyhedron P such that dim P = 4 and P has two different decompositions into prime factors in the shape or homotopy category.
Proof. P.E. Conner and F. Raymond found 3-dimensional aspherical manifolds M 1 and M 2 such that M 1 × S 1 and M 2 × S 1 are diffeomorphic, but M 1 and M 2 have non-isomorphic fundamental groups, and hence have different homotopy types [6] .
We will show that a 4-dimensional polyhedron P = M 1 × S 1 satisfies the required conditions.
Studying shape decompositions of polyhedra into Cartesian products, we may work in the homotopy category of CW-complexes and homotopy classes of cellular maps between them. Indeed, by the classical results in shape theory (see [10] , [8, Theorem 2.2.6]), there is a 1-1 correspondence between the shapes of compacta which are direct factors of a given polyhedron in the shape category and the homotopy types of CW-complexes (not necessarily finite) which are direct factors of this polyhedron in the homotopy category (in both, pointed and unpointed, cases). Moreover, every space homotopy dominated by a polyhedron has the homotopy type of some CW-complex (see, for example, [20] ).
Thus we will consider only the homotopy version of the theorem.
Recall that there is a 1-1 functorial correspondence between homomorphisms of groups ϕ : H 1 → H 2 and pointed homotopy classes of pointed maps f :
It is easy to see that S 1 does not dominate any non-trivial homotopy type (or shape). Indeed, S 1 is an EilenbergMacLane complex K(Z, 1), therefore every CW-complex homotopy dominated by S 1 is of type K (H, 1) , where H is an r-image of Z. The only r-images of Z (up to isomorphism) are Z and the trivial group. They correspond to the Eilenberg-MacLane complexes S 1 and the point (respectively). Thus, the homotopy type of S 1 is prime.
We will prove that the homotopy types (equivalently, the shapes) of 3-dimensional manifolds M 1 and M 2 are also prime.
Suppose that each M i = K(G i , 1), for i = 1, 2, has a decomposition into a product of non-trivial homotopy types, 2 , 1) .
Then there exists a decomposition of G i into a product of non-trivial groups
Since G i , for i = 1, 2, is the fundamental group of a closed aspherical 3-manifold, it is a PD(3)-group (see [15] or [11] ).
It is also known that if K × H is a PD(n)-group, then K and H are PD(m) and PD(k)-groups, where n = m + k (see, for example, [4, 15] ).
It follows that, without loss of generality, we may assume that G i,1 is a PD(2)-group and G i,2 is a PD(1)-group, for i = 1, 2. Furthermore, it is known that the only PD(1)-group is Z (see [11, p. 20] , [15] ). Therefore G i,2 ∼ = Z, for i = 1, 2.
The result of R. Hirshon [14, Theorem 1, p. 149] states that if a group B satisfies max-n condition, then
As a finitely generated Abelian group, Z × Z satisfies max condition (see, for example, [17,
The case where M 1 has a decomposition into a product of two non-trivial homotopy types, but M 2 is prime is also impossible, by the reasonings as above and by [14, Lemma 1, p. 148], stating that if H and K are groups, then
Thus, the homotopy type (or shape) of each M i , for i = 1, 2, is prime, and the proof is finished. 2
Remark 1.
(i) B. Eckmann, P. Linnell and H. Müller showed that every PD (2) group is the fundamental group of a closed aspherical surface (see [9, 11] ). (ii) It should be noted that the question, if every PD(3)-group is the fundamental group of a 3-manifold, remains unsolved (see [15] ).
Remark 2.
(i) L.S. Charlap in 1965 [5] presented the first example of two (high dimensional) manifolds that are not homotopy equivalent but whose products with S 1 are diffeomorphic. (ii) P. Hilton in 1987 showed [12] that there exist polyhedra X 1 , X 2 with nilpotent fundamental groups, such that X 1 X 2 , but X 1 × S 1 X 2 × S 1 (many examples).
Remark 3.
A decomposition of each polyhedron into a finite product of 1-dimensional shapes is unique. Precisely, A. Trybulec [19] proved that if the shape of a movable compactum has a decomposition into a finite product of shapes of curves, then this decomposition is unique.
Proposition. Let P be a connected polyhedron with dim P = 1, then P is prime in the shape (or homotopy) category.
Proof. By a shape-theoretical result of W. Holsztyński, every compactum X shape dominated by a 1-dimensional polyhedron has the shape of some 1-dimensional curve (see, for example, [2, Chapter IX, Theorem (6.1), p. 288]). We apply Remark 3. 2
From the proof of Theorem (see also Ramark 1, (i)), we may obtain:
Corollary. There does not exist a connected compact aspherical manifold M with dim M = n, for n 3, with two different decompositions into prime factors in the homotopy or shape category.
Let us state the question:
Problem. Does there exist a connected polyhedron P with dim P = n, where 2 n 3, such that P has two different decompositions into prime factors in the homotopy (or shape) category?
